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Introduction
Finding aesthetic drawings of planar graphs is a central problem in graph drawing. A straight-line drawing of a planar graph G is a closed rectangle-of-influence drawing if for each edge uv in this drawing, the closed axis-parallel rectangle with opposite corners u and v contains no other vertices. Such drawings have been studied for example in [1, 5, 13, 14, 16, 21] . The graphs considered here are quadrangulations, that is, simple planar graphs whose faces all have length four. We show that each quadrangulation on n vertices has a closed rectangle-of-influence drawing on the (n − 3) × (n − 3) integer grid.
Biedl et al. [5] proved that every planar graph on n vertices without a separating triangle has a closed rectangle-ofinfluence drawing on the (n − 1) × (n − 1) grid. Our method, which is completely different from that of [5] , is analogous to Schnyder's algorithm for embedding triangulations on an integer grid [20] and gives a simple algorithm. We roughly outline the idea of Schnyder's proof and its adaptation to quadrangulations.
Schnyder [20] showed that labeling the angles of a triangulation T with three colors, with special rules, gives a 3-coloring and 3-orientation of the edges of T such that the edges of each color form a directed tree. (Here a k-orientation is an orientation in which each interior vertex has outdegree k.) For each interior vertex of T , the three colored paths to the sinks of the respective trees divide T into three regions. Counting the faces in each region gives the coordinates of the interior vertex in the grid drawing.
Felsner [6] extended this result to the class of 3-connected plane graphs. The adaptation of this method to quadrangulations was studied in [11] . In this case, the angles of a quadrangulation Q can be colored with two colors, which gives an analogous 2-coloring and 2-orientation of the edges of Q such that the edges of each color form a directed tree, and for each interior vertex the two colored paths to the respective sinks divide Q into two regions. It is well known that each quadrangulation can be decomposed into two trees, see e.g., [17, 18] .
It is shown in [7, 12] that counting the faces in a region of an interior vertex v of Q gives the coordinate of v in a book embedding of Q with two pages. In a book embedding with two pages, the vertices of the graph are placed on a line (the spine of the book) and the two pages are halfplanes separated by this line; each edge is drawn on one page and no two edges cross. Each page in this book embedding for Q contains one of the two trees. Book embeddings of quadrangulations were also found in [8] . Whether this approach also gives a grid embedding for quadrangulations remained open.
We show here that labeling the angles of Q with four colors instead of two (which gives a 4-coloring and 2-orientation of the edges) leads to a pair of book embeddings of Q such that the coordinates of a vertex v in the two book embeddings are the coordinates of v in a grid drawing of Q . It turns out that this embedding is a closed rectangle-of-influence drawing. It has the further property that edges of different colors are oriented in different directions (north-east, south-east, south-west, north-west).
A prominent problem in graph drawing is finding straight-line drawings of planar graphs on an integer grid of small size [9] . As a by-product of the rectangle-of-influence drawing, we also obtain a grid drawing of a quadrangulation on the
grid by simple scaling. This is not optimal, because quadrangulations on n vertices have a straightline embedding on the integer grid of size
. This was proved by Biedl and Brandenburg in [4] ; they showed that each quadrangulation can be augmented to a 4-connected plane graph by adding edges. Miura et al. [15] showed that 4-connected plane graphs can be drawn on a grid of this size.
Another algorithm for drawing quadrangulations on an integer grid of small size, due to Fusy [10] , is based on so-called transversal structures which are related to angle labelings considered in the present work. Zhang and Vaidya [21] showed that Fusy's algorithm produces an open rectangle-of-influence drawing. Also, the algorithm of Fusy requires adding edges to make the quadrangulation internally 4-connected. A graph is internally 4-connected if connecting all vertices of the outer face with a new vertex placed in the outer face results in a 4-connected graph. An advantage of our simple algorithm is that it does not require adding edges and also works for quadrangulations with connectivity 2. It only makes use of a decomposition of the edges of a quadrangulation into two trees, as Schnyder's algorithm for triangulations does with three trees.
This work builds upon previous results on binary labelings of quadrangulations from [7, 11, 12] . The novelty is the use of four colors instead of two and its application to the grid drawing. Big parts of Section 2 have an analogous statement for binary labelings. This is because 4-labelings are in bijection with binary labelings, as shown in [7] . Using four colors allows us to extend book embeddings to obtain rectangle-of-influence drawings.
The paper is organized as follows. In Section 2 we introduce the 4-labeling of a quadrangulation, we give the relation to binary labelings, and we obtain a pair of book embeddings on two pages for a quadrangulation. Then, in Section 3 we show that this pair of book embeddings gives a closed rectangle-of-influence drawing, and we show that the grid size of this drawing can be reduced.
4-labelings and their properties
In what follows we consider only quadrangulations, that is, planar graphs for which every face has degree four. Quadrangulations can also be seen as the maximal bipartite planar graphs with at least two vertices in each class. We will assume that the vertices are colored black and white, according to the two independent sets. In this section we give the definition and properties of 4-labelings of quadrangulations. • The two black vertices of the external face, say s 1 and s 3 , are special vertices. All the angles incident to s i are labeled i.
• At every other black vertex, the incident labels form a non-empty interval of 1 s and a non-empty interval of 3 s, while the incident labels of every white vertex satisfy the same property, with 2 s and 4 s.
• At every edge, the incident labels coincide at one endpoint and differ at the other.
• The four angles in each internal face are labeled consecutively counter-clockwise from 1 to 4.
We assume the vertices in the external face to be labeled s 1 , x, s 3 , y, in counter-clockwise order. The definition implies that the incident labels of x are all equal to 2, except for the external angle, which is labeled 4. Similarly, the incident labels of y are all equal to 4, except for the external angle, which is labeled 2. See Fig. 1(a) for an example of a quadrangulation with a 4-labeling.
A strong binary labeling of a quadrangulation [7] , a binary labeling for short, is a labeling of the angles with {0, 1}, with two special vertices, s 0 and s 1 , such that angles incident at s i are labeled i; the incident labels at every non-special vertex form a non-empty interval of 0 s and a non-empty interval of 1 s; at every edge, the incident labels coincide at one endpoint and differ at the other; the labels in each face are 0011 cyclically, and reading the labels of the outer face in clockwise order starting at s 0 , they are also 0011. Note that we write binary labels in bold, in order to avoid confusion with the 4-labeling.
Proposition 2.2. Strong binary labelings and 4-labelings of a quadrangulation are in bijection.
Proof. Let Q be a quadrangulation with a 4-labeling. It is easy to verify that assigning 0 to angles labeled 1 and 2, and 1 to angles labeled 3 and 4 gives a binary labeling (see Fig. 2 ). This bijectively maps the set of 4-labelings onto the set of strong binary labelings. Indeed, given a binary labeling, the corresponding 4-labeling can be obtained by assigning angles labeled 0 to 1 and 2, and angles labeled 1 to 3 and 4, while preserving the counter-clockwise order of the labels in each face. Again it is straightforward to verify the properties of the 4-labelings. a b Assigning 0 to angles labeled 1 and 4, and 1 to angles labeled 2 and 3, gives a labeling which can also be obtained from the strong binary labeling by reversing all the angle labels at white vertices. This labeling satisfies properties analogous to those satisfied by a strong binary labeling. Fig. 2 shows the two binary labelings obtained from the 4-labeling in Fig. 1 . The corresponding 2-edge-colorings and 2-orientations are also shown. The set of black arcs forms the tree T 0 , and the set of gray arcs forms the tree T 1 .
It is worth noticing that the use of 4-labelings instead of binary labelings leads us to define an edge coloring with four colors instead of two. This gives us more insight into the underlying combinatorial structure and allows us to extend the results from [7] to obtain two book embeddings (instead of one) which will be used in the definition of a grid embedding of Q with good properties. Recall that a 2-orientation is an orientation in which every vertex but s 1 and s 3 has out-degree two.
Definition 2.3 (4-Coloring and 2-Orientation of Edges). A 4-labeling of a quadrangulation defines a 4-coloring and a
2-orientation of the edges in the following way: An edge uv is assigned color i and it is oriented from u to v if, and only if, the two angles incident to v are labeled i (see Fig. 1(b) ).
In all figures we use thick lines for color 1, thin lines for color 2, dashed lines for color 3 and dotted lines for color 4. Proposition 2.2 states the equivalence between binary labelings and 4-labelings. Furthermore, it is proved in [7] that binary labelings are in bijection with 2-orientations. The next proposition is a direct consequence of the existence of strong binary labelings of a quadrangulation and Proposition 2.2. A direct proof can also be obtained following the lines in [11] .
Proposition 2.4. Every quadrangulation admits a 4-labeling.
Given a quadrangulation Q with a 4-labeling, the following properties are satisfied (see Fig. 1(b) ). • At every white vertex there are exactly two out-arcs, one of color 1 and one of color 3, plus two (possibly empty) intervals of in-arcs of colors 2 and 4.
Proof. All the angles incident to the special vertex s 1 are labeled 1. This implies that every arc at s 1 is an in-arc, and it is colored 1. The same is true for s 3 , with labels 3 and color 3.
Let v be a non-special black vertex. Its incident angles form a non-empty interval of 1 s and a non-empty interval of 3 s. The edges with two different angle labels at v will be out-arcs, one of them colored 2 and the other one colored 4. This follows from Definition 2.1. If there is more than one angle labeled 1, the edges with both incident angles in v labeled 1 will be in-arcs, colored 1. The analogous statement holds for angles labeled 3. Finally, since the orientation of angle labels in each face is counter-clockwise, the orientation of colors in the arcs at each vertex is clockwise.
The result for white vertices can be proved analogously.
Property 2.6. There is no vertex with an in-arc and an out-arc of the same color. This implies that the set of edges of color i is the union of disjoint stars, each with arcs pointing to its center.
Proof. Black vertices have out-arcs colored 2 and 4, and in-arcs colored 1 and 3, while white vertices have out-arcs colored 1 and 3, and in-arcs colored 2 and 4. Since black and white vertices correspond to the two independent sets in a quadrangulation Q , there is no vertex with an in-arc and an out-arc of the same color. This implies that Q has no monochromatic path connecting more than two vertices. Thus, the set of edges of one color induces a union of stars. Moreover, at each star, arcs are oriented from the leaves to the center. Since black vertices have in-arcs of odd color, and white vertices have in-arcs of even color, we can identify colors i and j (i odd, j even) in T ij without losing any information.
Book embeddings of a quadrangulation
In [7, 12] , the authors define a method to obtain a book embedding with two pages of a quadrangulation Q , given a binary labeling of Q . In this section the same method, which is inspired by Schnyder's method to obtain straight-line embeddings of triangulations on small grids [20] , is used to obtain two different book embeddings of a quadrangulation Q , given a 4-labeling.
First we define some particular paths and regions in the plane.
Definition 2.8 (Paths From a Vertex).
Let v be a non-special vertex of a quadrangulation with a 4-labeling. For every pair i, j, with 1 ≤ i, j ≤ 4, i odd and j even, the path P ij (v) is the directed path from v to the special vertex s i in the tree T ij .
From [7] it follows that P ij (v) is chord-free and if {i, j, k, ℓ} = {1, 2, 3, 4} (i and k odd) then P ij (v) and P kℓ (v) only have vertex v in common. The union of the paths P 12 (v) and P 34 (v) splits the quadrangulation into two regions. Also, the union of the paths P 14 (v) and P 32 (v) splits the quadrangulation into two regions. The orientation of the path P ij (v) defines which of these two regions lies on the left, or on the right, respectively, of the path. For brevity, we simply talk of the left and right side of the path P ij (v).
Definition 2.9 (Regions From a Vertex).
Let v be a non-special vertex of a quadrangulation with a 4-labeling. We denote by
• R 12 (v) the region defined by the paths P 12 (v) and P 34 (v), to the right of P 12 (v) and including both paths;
• R 34 (v) the region defined by the paths P 12 (v) and P 34 (v), to the right of P 34 (v) and including both paths;
• R 14 (v) the region defined by the paths P 14 (v) and P 32 (v), to the left of P 14 (v) and including both paths;
• R 32 (v) the region defined by the paths P 14 (v) and P 32 (v), to the left of P 32 (v) and including both paths.
See Fig. 6 for a representation of the paths and regions from a vertex.
In the next two lemmas we state some properties of the paths P ij (v) and the corresponding regions that will be used for the definition of the two book embeddings of a quadrangulation Q and in the proof of Theorem 3.1. We say that two paths cross if one path contains two edges that lie on different sides of the other path. Proof. If {i, j, k, ℓ} = {1, 2, 3, 4}, with i and k odd, then it follows from [7] that P ij (v) and P kℓ (v) only have vertex v in common. Thus, we just have to consider two paths P ij (v) and P iℓ (v) with ℓ ̸ = j. The same argument works for two paths P ij (v) and P kj (v). Let k ∈ {1, 3} such that {i, j, k, ℓ} = {1, 2, 3, 4} and consider the regions R ij (v) and R kℓ (v) . Observe that along each of the paths the color of arcs alternates.
Property 2.5 implies that all outgoing arcs of color ℓ of vertices of P ij (v) lie on the same side of P ij (v) , that is, in the same region R ij (v) or R kℓ (v), respectively (see Fig. 3 ).
Furthermore, by Property 2.5, if the path P iℓ (v) meets the path P ij (v) in a vertex w and points towards w from the side containing the outgoing arcs of color ℓ of P ij (v), then this arc towards w in P iℓ (v) can only have color i and the next arc on the path is of color ℓ, thus staying on the same side of P ij (v) . It remains to show that the path P iℓ (v) starts at the side of P ij (v) that contains the outgoing arcs of color ℓ. This is again implied by Property 2.5. The paths P ij (v) and P iℓ (v) might share the first arc, as shown in Fig. 4 .
The same reasoning also implies that the path P iℓ (v) stays on the same side of the path P kℓ (v) . Consequently, the path P iℓ (v) cannot have edges in the interior of both regions R ij (v) and R kℓ (v).
The following lemma from [7] also holds for the case of four colors instead of two. 
Based on this lemma, and also similar to [7, 20] , we can count the number of internal faces f m (v) contained in region R m (v), m ∈ {12, 14}, which yields a pair of book embeddings of a quadrangulation Q on two pages. More precisely, given an internal vertex v of Q , f 12 (v) is the number of internal faces of Q in R 12 (v) and f 14 (v) is the number of internal faces of Q in R 14 (v). For the vertices of the external face, we define f 12 
Then, v → f 12 (v) + 1 and v → f 14 (v) + 1 both give orderings of the vertices of Q on {0, 1, . . . , n − 1} which induce two different book embeddings of Q in two pages (see Fig. 5 ). This proposition is a direct consequence of the results in [7] . In fact, the trees T 12 and T 34 obtained by the 4-labeling of a quadrangulation Q correspond to the pair of trees T 0 and T 1 obtained by a binary labeling of Q (see Fig. 5 ). To prove the theorem we will use the following lemma. Its proof makes use of Lemmas 2.10 and 2.11.
Embedding on the grid

Lemma 3.2. For any two disjoint edges ab and cd of a quadrangulation Q and for at least one of m ∈ {12, 14} we have
Proof. Assume without loss of generality that the arc ab is oriented from a to b. If a is a white vertex, then b is black and the arc ab is of color 1 or 3. If a is a black vertex, then b is white and the arc ab is of color 2 or 4. We concentrate on the case ab of color 3. The case ab of color 1 is analogous, by symmetry. The case ab of color 2 or 4 can be derived by a similar reasoning.
Assume then that the arc ab is of color 3, and oriented from a to b. Consider the eight paths P ij (a) and P ij (b) (i odd, j even), which divide the quadrangulation into several regions, as shown in Fig. 6 . The vertices c and d are contained in one of these regions, they also possibly lie on the boundary of a region. For what follows, let us recall that the colors of edges around each vertex increase in clockwise order (Property 2.5), and recall that no two paths P ij (v) and P kℓ (v) cross (Lemma 2.10). Observe that f 12 (a) < f 12 (b) and f 14 (a) < f 14 (b). Case 1. First, consider the case when neither c nor d lies on a path P ij (a) or P ij (b). Note that by Lemma 2.11, if m = 12, the statement holds if both vertices of the edge cd lie on the same side of the paths P 12 (a) and P 12 (b) , that is in one of the regions R 12 (a) ∩ R 12 (b) or R 34 (a) ∩ R 34 (b). Also, if m = 14, the statement holds if both vertices of the edge cd lie on the same side of the paths P 14 (a) and P 14 (b) , that is in one of the regions R 14 
It might be that the vertices c and d lie on different sides of the paths P 12 (a) and P 12 (b), namely to the left of P 12 (a) and to the right of P 12 (b), in which case they belong to a critical region as shown in Fig. 7 . Similarly, c and d might be in the critical region to the right of P 14 (a) and to the left of P 14 (b). Note that these critical regions for P 12 (a) and P 14 P 14 (a) . The other cases can be treated similarly, also refer to Table 1 . Table 1 The relations between f m (v), f m (a) and f m (b) for m ∈ {12, 14}.
Path
Color • If vertex d lies on the path P 14 (a).
For every non-special black vertex v on the path P 14 (a) we have f 14 (v) < f 14 (a), because the outgoing arc of color 2 at v points inside R 14 (a). Also, we have f 12 (v) < f 12 (a), because the outgoing arc of color 4 at v lies inside R 12 (a). Similarly, for a white vertex v on the path P 14 (a) we get f 12 (v) < f 12 (a), because the outgoing arc of color 3 at v points inside R 32 (a) and inside R 12 (a). Thus, f 12 (c) < f 12 (a) < f 12 (b) and f 12 (d) < f 12 (a) < f 12 (b), as wanted.
• If vertex d lies on the path P 34 (a).
For d being black we have f 14 (d) > f 14 (b). Then, c is a white vertex and since cd is an edge of the quadrangulation, the path P 14 (b) joins the path P 14 (a) at some vertex before c, i.e. at a vertex whose distance to a along P 14 (a) is shorter than that of c (or possibly this vertex coincides with c). This implies that the outgoing arc of color 3 at c does not point inside R 14 (b) and therefore also f 14 (c) > f 14 (b). For d being white we have f 12 (d) < f 12 (a) and since c is a black vertex, f 12 (c) < f 12 (a), as wanted.
• If vertex d does not lie on the path P 14 (a) or P 34 (a).
If c is a black vertex, then
Finally, if c is a white vertex, then To deal with the remaining cases, when c is not in P 14 (a), we use a similar reasoning. Table 1 , which shows, for each vertex v in one of the considered paths, the relation between the number of faces in the regions defined by a, b and v, indicates how to handle these cases.
Proof of Theorem 3.1. Property 1 of this theorem follows immediately from the two book embeddings. That is, each vertex appears exactly once in each of the two book embeddings and any two vertices have different positions along the spine of a book. Thus, no two vertices (i, j) and (k, ℓ) in the grid drawing have a common coordinate.
For proving Property 2 let us examine the edges of color 1. In each of the two book embeddings the arcs of color 1 are oriented towards the vertex s 1 . Thus, in the grid drawing these arcs point to the left (since they point to the left in one book embedding with vertices drawn with increasing x-coordinate from s 1 to s 3 ) and downwards (since they point downwards in the other book embedding, with vertices drawn with increasing y-coordinate from s 1 to s 3 ). Thus, arcs of color 1 point in direction south-west. It is straightforward to verify the directions of arcs for the other colors.
The proof of Property 3 follows almost immediately from Lemma 3.2, which implies that any two disjoint edges ab, cd of To see that no row or column contains more than two vertices in the reduced grid, observe that for vertices v and w at distance at least two in one coordinate, h(v) and h(w) have distance at least one in this coordinate, because of the floor function and because k i is not decreasing. It remains to show that the mapping h preserves planarity of the quadrangulation. 
Concluding remarks
We have shown that quadrangulations have closed rectangle-of-influence drawings on an integer grid of small size. The method is in analogy to Schnyder's grid embedding algorithm for triangulations. In the case of quadrangulations two trees instead of three as in Schnyder's work are used to divide the graph into regions. Then, coordinates correspond to the number of faces in a region. This work was also presented in [2] . There a grid size of (n − 2) × (n − 2) is given; the number of rows and columns of the grid are counted. Since it is more common to express the grid size in terms of width and height, we denote the grid size here by (n − 3) × (n − 3). We thank an anonymous referee for pointing this out. In fact, Sadasivam and Zhang recently proved in [19] that this grid size is the best possible.
Also on Schnyder decompositions is the recent work [3] , by Bernardi and Fusy.
